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Abstract 

Studied are moduli spaces of self dual connections on noncom- 
mutative 4-manifolds, especially deformation quantization of com- 
pact toric Riemannian 4-manifolds. Then such moduli spaces of 
irreducible modules associated with highest weights of compact con- 
nected semisimple Lie groups are smooth manifolds with dimension 
determined by their weights. This may be viewed as a general- 
ization of At iyah- Hit chin- Singer's classical result, Landi-Suijlekom's 
noncommutative 4-sphere case and the recent result of the second 
authors. 
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§1. Introduction Among many important topics of Yang- 
Mills theory, Atiyah-Hitchin-Singer [AHS] showed that the moduli 
spaces of irreducible self-dual connections of principal buldles over 
compact spin 4-manifolds are smooth manifolds with their dimen- 
sion determined in terms of topological invariants related to am- 
bient bundles. Recent development of noncommutative geometry 
serves many powerful devices toward determining a noncommutative 
analog of their result cited above. For example, Connes-Landi[CL] 
showed an existence of an isospectral deformation of compact spin 
Riemannian manifolds whose isometry groups have at least 2-torus 
subgroup. Related with this results, Connes-Devois-Violette [CV] 
observed that a deformation quantization of manifolds could be 
viewed as the fixed point algebra of the set of all smooth func- 
tions from manifolds to noncommutative tori under certain action 
of tori. Suceedingly, Landi-Suijlekom [LS] computed concerning the 
noncommutative 4-sphere, the index of the Dirac operator on cer- 
tain spin modules as well as the dimension of the instanton mod- 
uli space of an irreducible module. Recently, the second author 
[T] verified that given noncommutative principal bundles based on 
compact spin toric Riemannian 4-manifolds and compact connected 
semisimple Lie groups and their associated noncommutative smooth 
sections with highest weights, their instanton moduli spaces are lo- 
cally smooth manifolds with their dimension determined by their 
weights and the ambient bundles and as a corollary if the spaces of 
noncommutative anti-self-dual harmonic 2-forms vanish for all their 
self-dual connections, they are smooth manifolds with more explicit 
dimensions. 

In this paper, we show that given a principal bundle based on com- 
pact toric Riemannian 4-manifold and a compact connected Lie 
group and its associated noncommutative smooth sections with a 
highest weight, its instanton moduli space is a smooth manifolds 
with its dimension determined by the highest weight and the ambi- 
ent bundles. This result is used to compute the concrete example 
associated with the Hopf bundle over the complex projective 2-space. 

§2. Noncommutative Yang-Mills Theory 

In this section, we review briefly both commutative Yang-Mills the- 
ory due to Atiyah-Hitchin-Singer [AHS] and the noncommutative 
Yang-Mills theory due to Landi-Suijlekom [LS]. Let M be a com- 
pact oriented toric Riemannian 4-manifold, G a compact connected 
Lie group, and let P a principal G-bundle over M. Suppose there 
exist a smooth action tp from 2-torus T 2 into the isometry group 
Iso(M, g) of M with respect to its Riemannian metric g. By Connes- 
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Devois-Violette [CV], let M e be a deformation quantization of M 
along 9 as Frechet *-algebra. Actually, there exists a quantization 
map he from C°°(M) onto M g such that Lg(f ■ g) = Lg(f) x e L e (g). 
Then it is identified with the fixed point algebra of the set of all 
smooth maps from M to the noncommutative 2-torus T e 2 under the 
diagonal tensor action (p <g> a" 1 of T 2 where a is the gauge action 
of T 2 on T g 2 . Since M is 4-dimensional, its Hodge *-operation on 
the Grassmann algebra Q(M) of all forms of M could be shifted on 
the all forms VL(M e ) of M e , which is denoted by * e . Let us take a 
noncommutative principal bundle as follows: let 

be a principal G-bundle over M. Suppose there exists a smooth 
action <p of a covering group T 2 of T 2 to lso(N,n*(g)) commuting 
with g, then it follows from [LS] that there exists a smooth action 
q of G on Ng such that 

G A N § % M e 

is a noncommutative G-bundle over Me where vr*(g) means the pull 
back Riemannian metric of g on N under ir. Let a be a highestweight 
of G with respect to its maximal torus T and V a its irreducible G- 
module. We identify a with its associated irreducible representation 
of G. Let S CT be the fixed point algebra of Ng ® V a under the di- 
agonal tensor action g ® a" 1 of G. Then it is a finitely generated 
projective irreducible right M#-module, and there exists a natural 
number n and a projection P a in M n (M e ) such that S CT = P a (Mg). 
We now take the Grassman connection V CT = P a de of where rf e 
is the canonical outer derivative of Q(Me) derived by the ordinary 
outer derivative d of Q(M). We have nothing to know at the mo- 
ment whether V CT is self-dual or anti selfdual although this is the 
case in the special set up (for instance [CDV],[LS]). Let us denote 
by C + (S CT ) the set of all self-dual compatible connections of E a . In 
what follows, we treat the case that C+(S t7 ) is non empty although 
we have nothing to check their existence for a given principal G- 
bundle over M and an irreducible representation of G. According 
to [LS], the set Cym(S ct ) of all Yang-Mills connections of E a contains 
the sum of C + (E a ) 

§3. Geometry of Noncommutative Inst ant ons 

In this section, we analize a geometric structure of C + (E, a ) defined 
in the previous section under the case where they are non empty. 
Let V CT G C+(S ff ) for an irreducible representation a of G on a 
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finite dimensional M-vector space V a . Let be the projection 
from Q 2 (Mg,E a ) onto tiL(Mg, H CT ), where S CT = EndM 9 (So-). Since 
End Me (S CT ) is isomorphic to (jVg <g> Z^)) 5 ®^^, t i ien its skew- 
adjoint part is identified with (JVJ <g> ^(v;))^ 4 ^)^ where 
C(V a ) is the set of all C-linear maps on V a , £ sk (V a ) its skew-adjoint 
part, and Njj is the set of all self-adjoint elements of N§. Since 
C{V a ) = M„ ct (C) =U(n a ) c , then it follows that {T G C sk {V a )\Tr{T) = 
0} = SU(n a )c where n a = dim c V CT and W(n CT ) c , SU(n a )c are the 
complexifications of the Lie algebras of U(n CT ) , SU(n CT ) respectively. 
We then deduce that 

U(n a ) c = £\ na ®SU{n a ) c 

Therefore it implies that 

Let us define 

T{ad a {N s )) = {N^U{n a ) c ) mAd{a){G) . 
Moreover, we put 

n°(ad a (N § )) = T(ad a (N § )), n\ad a (N § )) = n\M e ,r(ad ff (N § ))) 
, and 

tf(ad a (N d )) = P_n 2 (M e ,T(ad a (N d ))). 

We then introduce an inner product < | > on (ad a (N§)) (j = 
0,1,2) by 



< oj | i] >= 




where * e is the Hodge operation on f2*(M e ),and tr is the canonical 
trace on M n<r (C). Using this inner product, we also induce the met- 
ric topology on C±(S CT ) by the following lemma: 

Lemma 3.1(cf:[T]) Let V CT G C+(S <y ). Then it follows that 

C + (~ a ) = V a + n 1 + (ad a (N § ) 

where D, 1 + (ad (T (Ng)) is the set of all uo G il 1 (ad a (Ng)) satisfying the 
equation: 

v~h + (cj 2 )_ = o, 

and (uj 2 )_ = P-(lo 2 ). 
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Proof. Let V G C + (E a ) and put to = V — V CT , then it implies by 
definition that uo G E a . Since V, V CT G C + (S CT ), it follows that 

P_[V, [V,X}\ = P_[F V ,X] = [F V ,X] = 

for all X G S CT respectively, and the similar statement holds for V CT . 
We compute that 

F v = Fv a + {V a ,tu]+u 2 
, which implies the conclusion. Q.E.D. 

As M is compact oriented, it has a spin c structure. As the similar 
case as a spin structure, it follows from [CD-V] that there exists a 
noncommutative spin c structure S(c)g of Mg as a right M^-module 
induced by the given spin c one S(c) of M. Let S(c)f be the half 
spin structures of Mg induced by the given half spin c one 5'(c) ± of M 
respectively. We use the same notations as their smooth sections on 
Mg. Then the following statement is easily seen by their definition: 

Lemma 3.2(cf:[T]) 

(1) n 1 (M e ) = S(c)^®S(c)J 

(2) Mg n 2 ± (Mg) = S(c)f <g> S(c)$ 

respectively. 

Proof. (1): By definition, S(c)^ is the algebra of all even (odd) 
polynomials of Vt l (Mg) with the Clifford multiplication eg respec- 
tively. Then cg(£l 1 (Mg)S(c) e t = S(c)J respectively, which implies 
the conclusion. (2): The result is true if 9 — 0. This isomorphism 
can also be chosen T 2 -equivariantly, where T 2 is a covering group of 
T 2 . Then the statement follows. Q.E.D. 

By Lemmas 3.1, C + (S CT ) is identified with fl^^ad^^Ng)) as an afline 
space respectively. We then show the next three lemma which seems 
to be quite useful showing our main result: 

Lemma 3.3(cf:[T]) Let Tv(C + (S CT )) be the tangent space of 
C + (E a ) at V G C+(E ). Then it follows that 

T v (C + (H a )) = {ue tfiadaiNj)) | P_[V,w] = 0} . 

Proof. Let u t = V t — V for a smooth curve Vf G C + (E a ) with 
Vq = V. Then it follows from definition that uj t G VL 1 (ad a (Ng)) . 
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We put u the derivative of oo t at t = in D, 1 (ad cr (Ng)). Then we see 
that 

F Vt = F v + [V, u t ] + u 2 t , 

which deduces F^ t f(0) = [V,u;] taking their derivatives at t — 
since ojq = 0. As V< G it implies that Fy t G fi^aG^iVg)), 

which means that P_[V,cj] = 0. Q.E.D. 

Let r(S (7 ) be the gauge group acting on the set of all compati- 

ble connections ofS CT by7 u (V) = mVm*, (m G r(S cr ,V G and 
r(S CT ) ■ V the orbit of V under T(E a ). Then we show the following 
lemma: 



Lemma 3.4(cf:[T]) Let T v (r(S CT ) • V) be the tangent space 
of r(S CT ) ■ V at V G C(So-). Then we have that 

T v (r(S CT ) • V) = { [V,X] | X G &(ad(N § )) } 

for any V G C + (E a ). 

Proof. Let X G Q°{ad a {N § )) and put </? t = e~ tx G r(S CT ) for all 
Then we know that 

7*(V)(fl = e- tx ■ V(e"0 = t[V,X](0 + V(0 
for all £ G Taking their derivatives at £ = 0, we have that 

^,(v)L o tt) = [v,x]«) 

for all £ G Ho-. Therefore the conclusion follows. Q.E.D. 

As we know that r(S cr ) • V C C+(H CT ) for any V G C+(S cr ), we may 
imagine by Lemma 3,3 and 3.4 the next corollary: 

Corollary 3.5(cf:[T]) Let M±(E a ) be the moduli space of C + (E a ) 
by r(S (T ). Then the tangent spaceT[ V ] (-M + (H CT )) of M + (E a ) at 
[V] G M + (E a ) is isomorphic to T v (C + (H CT ))/T v (r(S (T ) • V) as a 
C-linear space. 

Let us define V"(w) = P_[V,w] for all G ft 1 (ad ff We then 

can show the following lemma which is well known in undeformed 
cases by [AHS] and in a special deformed case by [LS]: 

Lemma 3.6(cf:[T]) 

- n°(ad a (N § )) X n\ad a (N § )) ^ n 2 _(ad a (N § )) - 
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for V G C+(E a ), where V(X) = [V,X] for X G Q°{ad a {N § )) and 
V"(w) = P_[V,w] for G Q 1 (ad (T (^-)). 

Proof. We first show that V - • V = 0. Indeed, as V G C+(S (7 ), 

V- • V(X) = P_[V, [V,X]] = P_[F V ,X] = [P V ,X] = 

for any X G Q°(ad (T (Ng)). We next show thatKer V = 0. In fact, 
suppose X G Ker V. Since V commutes with the action a of T 2 
and ad(Ng) has U(n a )c as fibres, then it follows that 

V = d$ + u n 

for some u n G M n (Q 1 (Ng)), where (^ n )j,fe are & U central in f2 1 (iVg), 
which means that Lg(u n ) = u n . Hence it implies that V(X) = 
P CT • d$(X) = 0. Since X = L e (X°) for a X° G n°(ad(N)), then we 
have that 

V(X) = P a ■ d n e {X) = L e • p CT • d n M (X°) = , 

where p a is the projection in M n (C°°(M)) corresponding to the 
right C°°(M)-module S = (C°°(iV) <g> \/ CT )^ CT ( G ) and d M is the outer 
derivative of M. Then p CT • g?m(^°) = 0, which implies that X° = 
G Q°(ad(N)) by the irreducibility of p CT • rf M on S. This means 
that Ker V = 0. Q.E.D. 

Let us define Hi = Ker V^/Im V and H 2 = Q 2 _(ad a (N § ) /Im V". 
It follows from Lemma 3.5 that Hi is isomorphic to T[ V ](A^ + (S cr )) 
as a C-linear space for any V G C + (S CT ). Moreover, we introduce the 
Laplace type Mg-operators Al on Q 3 (ad a (Ng)) 
for j = 1,2 as follows: let Aj = (V _ )*-V _ +V-(V)* on fi 1 (arf (7 (A^ e -)) 

and Aj = V~ ■ (V - )* on Q 2 (ad a (Ng)). Then we easily observe the 
following lemma: 

Lemma 3.7(cf:[T]) Hi are isomorphic to Ker Aj (j = 1,2) 
as a right M e -module respectively, and they are finitely generated 
projective right M^-modules. 

Proof. Hi is Mg-isomorphic to Ker V~ H Ker (V)*, which is 
equal to Ker Aj. The similar way is also valid for H 2 . As Aj are 
elliptic, the rest is well known. Q.E.D. 

By Lemma 3.6, the elliptic complex can be described by the following 
generalized signature M^-operator: 

V- + (V)* : n\ad a (N § )) -> n°(ad a (N § )) © ft 2 (ad a (N § )) 
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for all V G C + (E a ). By Lemma 3.7, HP. induce the K (M e ) -element 
[ML] (j — 1, 2) whose K-theoretic ranks are finite. Let us define the 
K-theoretic index of V~ + (V)* as follows: 

Index Me (V- + (V)*) = [Ker(V- + (V)*)] - [Coker(V- + (V)*)] 

Using Lemma 3.6, we then obtain the following lemma which is 
a noncommutative version of Atiyah-Singer index theorem due to 
Conncs [C] (cf:[MS]): 

Lemma 3.8(cf:[T]) 

Index M9 (V- + (V)*)= [ML] - [ML] 

Let [Mq] be the fundamental cyclic cocycle of Mg which is essen- 
tially defined by the JLO-cocycle appeared in [C]. Then it follows 
by Lemma 3.8 that 

Corollary 3.9 

< [M e ],Index Me (V- + (V)*) >= rank M Jtf ] - mnk Me [ML] 

On the other hand, we consider the Dirac type M e -operator D^, on 
il 1 (ad a (Ng)) associated with V G C + (E a ) defined by the following 
process: By Lemma 3.2.(1), 

Q^ad^Ng) = n°(ad a (N § )) <g> (S(c)j <g> S(c) d ) 
^ Q (ad a (N § )) <g> Q}(M e ) <g> (S(c)+ <g> S(c) e ) 

^ e n°(ad a (N § ))®(S(c)e®S(c) e ) = Q (ad a (N § ))®nL(ad a (N § )) 

Lemma 3.10(cf:[T]) Given a V G C+(E ff ), 

lndex Me (D+) = Index Me (V* + V - ) 

in K (M g ). 

Proof. Since fl(Mg) ~ f2(M) as vector spaces and V and *- 
operation commute with T 2 -action a, then the operator V* + V~ 
can be shifted to the elliptic operator (d M )* +P--d M from Q 1 (M) to 
n°(M) © Q?_(M). Let PL be the projection from Q 2 {M) to Q 2 _ (M) 
respectively. Using the same argument as in [AHS] and taking their 
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principal symbols, it follows from Lemma 3.2 that (d M )* + P® ■ d M 
is identified with the Dirac operator D + in the following: 

D+ : S(c) + ®S(c)- -> S(c)- ® S{c)- 

, so far taking their C°°(M)-indices. Then V* + V~ is identified 
with defined before: 

D+ : n\ad a {N § ))®{S{c)+®S{c) e ) - ^{ad a {N § ))®{S{c)^®S{c) d ) 
so far taking their M -indices. This implies the conclusion. Q.E.D. 

In what follows, we want to determine the geometric structure of the 
moduli space M+(E CT ) of C + (S CT ) by the gauge group r(S (7 ). First 
of all, we introduce a noncommutative Kuranishi map in the fol- 
lowing process : Given a V G C+(S (7 ), we define a Sobolev norm 
|| • || p , (p > 4) on ^(ad^JVg) by 

IMIp = E2m./ w . ll(v) fe HH 2 

for G fi 1 f (arf (T (iV e -)). Let S* be the completion of Vt\ (ad a (N § )) 
with respect to 1 1 • | | p . By their definition, V, V* are bounded from 
S+ to S+ +1 , S 1 ^ 1 respectively. 

Since Aj is elliptic in EndM 9 (<S+), it is a Mg-Fredholm operator on 
S+ as well. Let P H 2_ be the projection on Mi, and define the Green 
Mg-operator G~ of A^ on S+ as follows : 

G" = (Id S P - PeO • (A 2 -)- x = (A^)- 1 • (Ids, - PhO- 

Then we easily see that 

(1) : Im G~ — Im A 2 , 

(2) : G--A 2 - = A 2 --G-, 

(3) : G~ ■ A 2 = H 5 p - P H2 _ 

We now introduce a densely defined map ITy on by 

n v H = c + (v-r-G ± {(c 2 )_} 

for all G Q^.(ad .(A^)) respectively, which is called a noncom- 
mutative Kuranishi map, which is known in commutative cases 
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(cf:[AHS]). Then we deduce the following observation: 
Lemma 3.11(cf:[T]) 

n\(ad a (N § )) = Ker (V" • n v ) n {P^((^ 2 )-) = 0} . 
Proof. By Lemma 3.1, uj G Q\(ad a (Ng)) satisfies 
V-(uj) + (uj 2 )- = . 

Then we compute 

V- • n-(o;) = V"H + A 2 - • G-((c 2 )_) 

= V-(w) + (c 2 )_ - PtfJ(^ 2 )- = -P H2 _((^ 2 )- 
, which implies that 

v--n v M = -p H2 j(cu 2 )_ . 

By the definition of HI 2 ,, it follows that 

(v-)* • v- • = o 

, which implies by taking their inner products that 

v--n v H = p e2 j(cc; 2 )_ = . 

The converse implication is also easily seen. Q.E.D. 

We then observe together with Lemma 3.1 the following corollary: 

Corollary 3.12 If V G C+(E a ), then it follows that 
C+(~ CT ) = V + Ker (V~ • II V ) n {P H 2 ((cu 2 )_) = 0} . 
It also follows from Lemma 3.11 that 

Corollary 3.13 Suppose H 2 = for a V G C+(E a ), then it 
follows that 

n 1 + (ad a (N § )) = Ker (V" • n v ) 
Moreover, we obtain by using Lemma 3.11 the following lemma: 

Lemma 3.14(cf:[T]) 

n v (^(arf CT (iv e -))) = 

10 



for all V G C+(E a ), 

Proof. As V~ • V = for all V G C+(E a ), then (V)* • (V - )* = 0. 
Let r] = Ily(cj) for any uj G fl\(ad a (Ng)). Then we have that 

(V)'fa) = (V)» + Aj -G-(c 2 )_ = 
, respectively. By Lemma 3.11, 

V-(r ? ) = P H2 J(cu 2 )_) = 0. 

Since Ker (V)* = fi 1 (arf (T (A r g)), then the conclusion follows. Q.E.D. 

Using the Sobolev space S+, we compute the Frechet differentiation 



of Il v on Q^^ad^^Ng)) in the following lemma: 



+ 

__Z. n~ ™ O 1 (nrl ( 

dt 

Lemma 3.15 

dJl - - id 



dt 

on il^ad^Ng)) with respect to 
Proof. 



t=o 

II ■ Hp- 



dt 



= lim ( W + t(V-)*.G-((^ 2 )_))=c 

for any G Q+(ad a (Ng)) , which implies the conclusion. Q.E.D. 

By the inverse function theorem on Banach spaces, there exists a 
e > neighborhood U(0, e) of G S+ with respect to 1 1 • | \ p on which 
(LTy) -1 is diffeomorphic. Using this fact, we next show the following 
lemma: 

Lemma 3.16 U(0, e)nM l _ is diffeomorphic to {Uy)-\U(0, e)) 
n QXiad^Ng)) under (n^)" 1 . 

Proof. By Lemma 3.14, we know that 

nv(Q>i(JV 9 -)))=Ei , 
which implies the conclusion. Q.E.D. 
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Let Pr(S CT ) = r(S .)/Z(r(S (T )) be the projective gauge group of 
r(S CT ) where Z(r(S CT ) is the center of r(S CT ). Since S CT is an irre- 
ducible right Mfl-module, Z{T{E a ) is actually the center ZU(Mg)) 
of the unitary group U(Mg) of M^. We define the gauge action 
7 of Pr(~ CT ) on C + (~ CT ) by 7 [«](V)(0 = «Vu*(0 for any [it] = 
uZU{M e )) G PT(E a ), V G C+(S <T ). We then easily see that: 

Lemma 3.17 The action 7 is effective. 

Proof. The statement is almost clear by its definition. Q.E.D. 

As the similar way to the commutative cases (cf:[AHS],[FU]), we 
then show the so-called slice theorem in noncommutative setting: 

Lemma 3.18(cf:[T]) Let e be in Lemma 3.16. Then there exist 
< 5 < e, {7(0, 5) = {uj G VL l (ad a (No)) \ \\oj\\ p < 5}, and a mapping 

with the property that 

(1) : v*(7; (v+w) (v + ^)-v) = o 

(2) : there exists a Pr(S CT )-equivariant diffeomorphism 

$ : V + 17(0, 5) -> 17(0, Id) C Ker V* x Pr(S <r ). 

defined by 

$(V + w) = (7; (V+W )(V + - V, V(V + w)) 

Proof. Let us consider the next equation defined by 

L$(u, [u]) = V*(u*Vu + u*uu) = 

for V + wG C + (S CT ) and [u] G Pr(S CT ). Then the differential 5L^ of 
Ly at (0, Id) is given by 

5Ly : n l + (ad a (N § )) x n°(ad ff (N § )) -> fi°(arf CT (A e -)) 

5co © <J[u] -> V*([V, 6u] + &<;) 

, The partial differential 5 2 L^ of £L^ in the second factor is V* ■ V, 
which is a self-adjoint elliptic operator. Since Ker V = 0, then it 
follows by standard elliptic theory V* -V is invertible on S+. By the 
implicit function theorem in Hilbert space, we obtain a neibourhood 
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U(u, 5) with < 5 < e and a map ip : U(u,6) PT(E a ) satisfying 
our conditions. Hence we obtain the diffeomorphism $ on V + 
U (0, 5) cited in this lemma. Since we see that 

for all [u], [v] G PT(E a ), u G Q\ad a {N § )), then $ is chosen PT{E a )- 
equivariantly. Q.E.D. 

By (2) of the above lemma 3.18, U(0,5) can be chosen as Pr(S CT )- 
invariant. We then prove the following lemma: 

Lemma 3.19(cf:[T]) Let V G C+(S CT ). Then there exists a 5 > 
such that 

V CT + {17(0, 5) n nl(ad a (N § ))) n Ker (V)*} 

is diffeomorphically imbedded in the moduli space of C + (E a ) 

by !•(-,). 

Proof. By Lemma 3.18, V CT + {17(0, 5) n ^{ad^N^} is Pr(H a )- 
equivariantly diffeomorphic to £7(0, Id) C Ker V* x Pr(S CT ). Then 
we conclude that 

(V CT + {17(0, 5) n Ker (V)*}) n C+(~ CT ) 

is diffeomorphically embedded in A4 + (E a ). Q.E.D. 

We next show the following lemma (cf:[FU]): 

Lemma 3.20 M + (E a ) is a Hausdorff space. 

Proof. It suffices to show that A4(E a ) = C(S cr )/r(S (T ) is Haus- 
dorff. So we need to check that 

T = {(V, 7 «(V)) \VeC(~ a ),ueT(~ a ) } 

is closed in C(S (T ) x C(S cr ). In fact, if {(V + Wj, 7 Uj -(V + Q T 

is convergent to (V + a;, V + u;/), then cjj — > uj and 

7„. (V + uj) = V + Uj V(u*) + Uj-wu^ -> V + uj/ . 

Put w/j = UjV{uf) + Mj-cjm* G Q}(ad a (Ng)). Then V(w*) = m*cj/ - 
urn*. Since ||%V||jt (0 < k < p — 1) are bouded by definition of 
the Sobolev norms || • ||, Hence {uj} is bounded in S p (Cl°(ado-(Ng))). 
Then it follows by Rellich's theorem that there exists a subsequence 
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{u k } of {uj} such that {u k } is convergent in S p 1 (fl 1 (ad cr (Ng)). 
Hence u* k uf — uou* k converges in S p ~ 1 (Q. 1 (ad (7 (Ng))), so is {V(ut)}k 
in S p ~ 1 (Q 1 (ad a (Ng))) as well. Therefore {uk}k converges to u G 
S p (n°(ad a (N s ))). Since T{E a ) is closed in S p {Q°{ad a {N § ))), we con- 
clude that 7„(V + a;) = V + uoi. This completes the proof. Q.E.D. 

We now state our main theorem which is a generalization of the 
one appeared in [T] as follows: 

Theorem 3.21 Let M be a compact oriented toric 4-dimensional 
Riemannian manifold, and G-^P^Ma principal G-bundle over 

M. where G is a compact connected Lie group. Suppose G Pq — > 
Me exists, then given the finite generated projective irreducible right 
M r module H CT = (P e ®V a ) mAd{a){G) for a highest weight a of G, the 
moduli space of C + (S CT ) under T(E a ) is a locally smooth 

manifold with its dimension: 

< [M e ],ch e (E a <g) 5(c)') > +rank Me [e 2 _] 

where chg is the Connes-Chern character from 

K (M g ) to the perodic cyclic homology of M e , and S(c)~ is the 

smooth sections of the (-)-half spin c -structure of M. 

Proof. By Corollary 3.9, Lemma 3.17, 3.19 and 3.20, M+(E a ) 
is a smooth manifold. By Lemma 3.16, its dimension is equal to 
rankMeHI 1 !, which is by Corollary 3.9 and Lemma 3.10 that 

< [M ],ch e (S a ® S(c)-) > +rank M jH 2 _] . 

This completes the proof. Q.E.D. 

noindent From this theorem, we deduce several useful corollaries 
which are well known in the case of ordinary manifolds as well as a 
noncommutative 4-sphere case: 

Corollary 3.22 In the above theorem, suppose [H 2 ] = G 
Kq{Mq) for all V G C + (E a ), then the instanton moduli space Ai + (E a ) 
of Xi a is a smooth manifold with its dimension: 

< [M e ],cbo(E <T ®S(c)-) > . 

Proof. By Corollary 3.12 and Theorem 3.21, the conclusion 
follows. Q.E.D. 
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Corollary 3.23 Let M be a compact oriented toric Rieman- 
nian 4-manifold with positive scalar curvature, and G a compact con- 
nected Lie group. Suppose there exists a noncommutative principal 
G-bundle 

then given a highest weight a of G and consider the right M^-module 
S CT = (N § <g> V a )e® Ad( - a){G) , then M + {E e ) is a smooth manifold with 
dimension: 

dim.M + (S a ) =< [M e },ch e (Ze®S(c)- > 

Proof. By the same method as in [AHS], as the manifold M 
has a positive scalar curvature, we have that (E°) 2 _ = for the 
2-cohomology (H ) 2 , with respect to the Laplacian associated with 
{(1m)* + P° • <Im- Since the quantization map Lg from C°°(M) to Mg 
can be lifted to a K-theoretic isomorphism (cf:[R]) and Lg ■ du = 
dg ■ Lg, then it implies that H 2 = for all V G C + (E a ). Hence the 
conclusion follows from Corollary 3.22. Q.E.D. 

In what follows, we compute the typical example using the main 
theorem obtained in §3 : 

§4. Example In what follows, we compute the typical ex- 
ample using the main theorem obtained in §3. Let us consider the 
Hoph bundle: 

U(l) — > S 5 — ► CP 2 , 
and its associated noncommutative one: 

U(l) -L> S% — CP 2 , 

Let 1 be the highest weight of U(l) and Si = (Si <g> C)^\U(1)) 
be its associated right CP^-module where <j\ is the character of U(l) 
corresponding to 1. Let Zj (j — 1, 2, 3) be the 3-generators of Sq and 
put Pi = (z{, z 2 , zl) t (z 1 , z 2 , z 3 ) be the projection of M 3 (CPg) since 
(zi, z 2 , Zz)(z{i z%, z^Y = I. Then S x = Pi (CP 2 ,) 3 up to isomorphism. 
Let V = Pi • dg the Grassmann connection of Si. Then V G C + (E\). 
Now we compute the Connes-Chern character chg(Ei) of S x . Then 
it follows from [C] (cf:[M]) that 

ch (E 1 ) = Tr(Pi) = £ . z* Zj = I G CP 2 , 

ch(E) = Tr{{P-\l)®P® 2 ) , ch 2 (E 1 ) =Tri(P-±I)®P® 4 ) 
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where Tr is the canonical trace of M 3 (C). We also compute the 
chern character ch(S(c)~) of the spin c bundle S(c)~ over CP 2 . Let 
us take the real Fubini-Study metric as follows: 

2 = dr 2 + r 2 e 2 z r 2 (e 2 x + e 2 y ) 
8 ~ (1 + r 2 ) 2 (1 + r 2 ) 

where p\ = rcos(ip)exp(ia), p 2 = rsm(tp)exp(i(3) for any (pi, p 2 , 1) £ 
CP 2 , 

and 

e x = — sin(0)cos(0)cos(o; + (3)da + sin(^)cos(0)cos(a + (3)df3 

+ sin(o; + /3)cfo/> , 
e y = — sin(0)cos(0)cos(o; + (3)da + sin(0)cos((/>)cos(a + (3)d(3 

— cos(a: + I3)dip , 

e z = cos 2 ((f))da + sin 2 (?/>)<i/3 . 

We then define the spin c connection V on the smooth sections of 
S(c)~ as follows: 

v = (-i Yl + u) 

j,fc=0,l,2,3 

where 

v o _ ( h \ r j _ / zcrA rifc _ 1 [pi rfe , 

' v -h) \i<? j o y ' 2 L ' J " 

for the Pauli matrices cr* (j = 1, 2, 3, 4), and 

_ n —l -l r 2 — 1 

UJqq — U , C^oi — (i +r 2y/2Cx 5 ^02 — (1+1.2)1/2^3/ , C^03 — 72+-i e 2 , 

^10 = ( 1+r 2 1 )i/2 e x , = , ^12 = jjp^ e z , o;i3 = ( - 1+r 2 1 )i/2 e y ) 

— 1 l+2r 2 n 1 

^20 = (i+ r 2)i/2e y , UJ 2 \ = -[^prZz , ^22 = U , 0^23 = { i +r 2y/2^x , 

_r 2 -l -1 1 _n 

^30 — ^2+^e z , LO31 — (1+7.2)1/2^3/ , ^32 — ( 1+r 2)i/ 2 ex , ^33 — U . 

Then we compute the curvature F v of V as follows: 



16 



= V 2 = !(£ fe =l,2,3 CO 0k U 0k+1 T 0k T 0k ^) + U Qk U {k+2)k T» k T^ k 

(mod. 3). Then it follows by their definitions that 

ch (S(c)-) = 4 , Tr(F v ) = , ch^c)-) = 

Moreover, we deduce that 

Tr(F 2 ) = 0, ch 2 (S(c)-) =0 

Hence we have that ch(S(c)~) = 4. Then we compute by definition 
(cf:[C],[G-B],[M]) that 

< [C Pg] , ch e (E 1 ®S(c)-) >= 4{1-^ 1 (1, 1, 1)-6^ 2 (1, 1, 1, 1, 1)} = 4 

where cp k is the JLO-cyclic /c-cocycles (k = 1,2) of CP 2 ,. We next 
compute M 2 _. First of all, we know that 

v(ad ai (sl)) = (s 5 e ®cy® Ad{ai)(u{1)) = CP 2 , 

We also check the following: 

ni (ad ai (S 5 e )) = ft 2 (CP 2 ) = (fi 2 _(CP 2 ) ® T*)**®" -1 * 2 *) 

,and 

Im V_ = (Im d~ <g) T 2 )^ Q ~ 1(r2) . 
We then check that 

H 2 = n 2 _(ad ai (S%))/Im V~ = ((fi 2 (CP 2 )/Im d~) <g> T 2 )<^ a ~ 1(T2) , 

which is equal to (H 2 _(CP 2 ) <g> t*)*.®*" 1 ^ Since CP 2 has a posi- 
tive scalar curvature, it follows by the Bochner-Weitzenbock formula 
that e^(CP 2 ) = 0. Therefore, we conclude that H 2 = 0. We then 
obtain the following result: 

Theorem 4.1 Let us take the following Hopf bundle: 

U(l) — >S 5 — >CP 2 , 
and its associated noncommutative one: 

U(l) S% — CP 2 

Let 1 be the highest weight of 17(1) and E t = (Si <g> Cy® a i\u(l)) 
be its associated right CPg-module where 0\ is the character of U(l) 
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corresponding to I. Then its instanton moduli space M. + (E>i) is a 
smooth 4-manifold. 

Remark For the highest weight n of U(l), let S n be its cor- 
responding right CPg-module. Then the instanton moduli space 
M. + (E n ) is a smooth 4n- manifold using the similar method as for 
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